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We considered the most general motion of systems of particles. We specifically consider
rigid bodies, defined as multi-particle objects in which the distance between any two particles
never changes as the object moves. As discussed before, this puts a huge constraint on the
system, changing it from a 3N degree of freedom object to a 6 degree of freedom system.
We reviewed the center of mass, center of mass momentum, and Newton’s second law for
the CM. We then considered the angular momentum of a rigid body and found that it
decomposes cleanly into the angular momentum of the center of mass (relative to some
origin), and the angular momentum relative to the CM. For a rigid body, the only motion it
can have relative to the CM is rotation.

Next we considered an arbitrary rigid object that is forced to rotate about a single fixed
axis, which we take to be the z-axis. The angular velocity of the object can be written as

w = wZ. Naively we might expect that the angular momentum of the object to be L= 1@,
where I, = ¥¥m,p? is the moment of inertia for rotation about that axis. This turns out to
be true only in special cases of very symmetric objects, or when the axis of rotation is chosen

along one of the ‘principal axes’, defined later. We did the full general calculation of L and
found that L = L, + Ly + L,k, where L, = — YN m,x,2, 0, L, = — XN myy,2, o, and
L, =—YNm,(x2 +y2) w. Thus in general the angular momentum vector L is not parallel
to the axis of rotation @.

Next we considered an arbitrary rigid body rotating about an arbitrary axis (in general the
axis of rotation of an object will change as it moves). We calculated L by summing over all
particles in the system and found that the vector quantity could be broken down into
components  as Ly = Lywy + Lywy + Lw,,  With Ly = YXmes +25), Ly =

— X MeXagVa, Lz = — Lo MgXaZy, and similar expressions for L, and L,. All of these
Ly

results can be summarized in a simple matrix equation as L = I, where L = | Ly, | is the
L,
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angular momentum represented as a column vector, I = Iyx 1y, L, | is called the
Ly
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inertia tensor, and @ = <wy> is the angular velocity vector. Note that the inertia tensor is
wZ

symmetric about the diagonal: I;; = I;;. The inertia tensor is a property of the object and its
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mass distribution alone. L =1 is a general expression relating the angular momentum
vector to the axis of rotation.

We did the example of a cube of side a and mass M rotated about one edge. The inertia
tensor can be calculated by converting the sums to integrals, for example: I, =

yields . .
YV m,(y2 + z2) — foa dx foa dy foa dz p (y? + z?), where p = M/a® is the density of
the uniform cube. Here we assume that the corner of the cube (at the origin of the Cartesian
coordinate system) will remain fixed during the rotation. The resulting inertia tensor for this
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case is [ = %(—3 8 —3) . This inertia tensor can be used for any rotation axis that
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passes through the corner of the cube at the origin. In particular, for rotation about the x-

axis, w = (w,0,0) and we find the angular momentum to be L = Ma?w G —i, —i). It is

clear in this case that L is not parallel to . This is due in part to the fact that the object is not
symmetric with respect to the axis of rotation. On the other hand, if we choose the rotation
axis to be along the body diagonal of the cube (through the corner where the origin is
located) we have w = %(1,1,1) and the resulting angular momentum vector is L=1&=

2
MT“a. For this choice of rotation axis the angular momentum vector IS parallel to the

angular velocity direction. This gives us hope that there can be choices of rotation axes @
such that the angular momentum vector is parallel to .

A surprising result is that any object, no matter how irregular, always has 3 principal
axes, for which the angular momentum vector and angular velocity are parallel.



